




Strategic Technology Investment under Uncertainty
Huisman, K.J.M.; Kort, P.M.
Publication date:
1999
Link to publication in Tilburg University Research Portal
Citation for published version (APA):
Huisman, K. J. M., & Kort, P. M. (1999). Strategic Technology Investment under Uncertainty. (CentER
Discussion Paper; Vol. 1999-18). Microeconomics.
General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.
            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain
            • You may freely distribute the URL identifying the publication in the public portal
Take down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.
Download date: 12. May. 2021
Iheuxdu| 4/ 4<<<
Vwudwhjlf Whfkqrorj| Lqyhvwphqw xqghu Xqfhuwdlqw| 
Nxqr M1 P1 Kxlvpdq WW dqg Shwhu P1 Nruw
Ghsduwphqw ri Hfrqrphwulfv dqg FhqwHU/
Wloexuj Xqlyhuvlw|/ S1R1 Er{ <3486/ 8333 OH WLOEXUJ/ Wkh Qhwkhuodqgv
Lq wklv sdshu wkh whfkqrorj| lqyhvwphqw ghflvlrq ri d up lv dqdo|}hg/ zkloh frpshwlwlrq
rq wkh rxwsxw pdunhw lv h{solflwo| wdnhq lqwr dffrxqw1 Whfkqrorj| fkrlfh lv luuhyhuvleoh dqg
wkh upv idfh d vwrfkdvwlf lqqrydwlrq surfhvv zlwk xqfhuwdlqw| derxw wkh vshhg ri duulydo ri
qhz whfkqrorjlhv1 Wkh lqqrydwlrq surfhvv lv h{rjhqrxv wr wkh upv1 Iru uhdvrqv ri pdunhw
vdwxudwlrq dqg wkh idfw wkdw pruh prghuq whfkqrorjlhv duh lqyhqwhg dv wlph sdvvhv/ wkh
ghpdqg iru d jlyhq whfkqrorj| ghfuhdvhv ryhu wlph1 Wklv lpsolhv wkdw dovr wkh vxqn frvw
lqyhvwphqw ri hdfk whfkqrorj| ghfuhdvhv ryhu wlph1
Lqwurgxflqj wkh zdlwlqj fxuyh dv d qhz frqfhsw/ wkh lqyhvwphqw ghflvlrq sureohp lv wudqv0
iruphg lqwr d wlplqj jdph1 Dq dojrulwkp lv ghvljqhg iru vroylqj wklv +pruh, jhqhudo wlplqj
jdph1 Wkh dojrulwkp lv dssolhg wr dq lqirupdwlrq whfkqrorj| lqyhvwphqw sureohp1 Wkh prvw
olnho| rxwfrph h{klelwv glxvlrq zlwk htxdo sd|rv iru wkh upv1
Nh|zrugv= Whfkqrorj| dgrswlrq/ Vwudwhjlf lqwhudfwlrq/ Lqyhvwphqw luuhyhuvlelolw|/ Wlplqj
jdphv/ Lqirupdwlrq whfkqrorj| lqyhvwphqw
MHO fodvvlfdwlrq= G;4/ G<5/ R66
Wkh dxwkruv wkdqn sduwlflsdqwv ri wkh 4<<; Phhwlqj ri wkh Vrflhw| iru Hfrqrplf G|qdplfv iru xvhixo
frpphqwv1
Fruuhvsrqglqj dxwkru1 Who= .64046079964:9> id{= .64046079965;3> h0pdlo= kxlvpdqCnxe1qo
41 Lqwurgxfwlrq
Lq wkh odvw wzr ghfdghv lqirupdwlrq whfkqrorj| kdv ehfrph d yhu| lpsruwdqw ghwhuplqdqw
iru hfrqrplf jurzwk41 Iru wkh lqglylgxdo up wkh whfkqrorj| lqyhvwphqw ghflvlrq lv d yhu|
frpsoh{ pdwwhu gxh wr wkh lqfuhgleoh udslg surjuhvv ri lqirupdwlrq whfkqrorj|51 Lq iruphu
|hduv whfkqrorj| lqyhvwphqw ghflvlrqv zhuh prvwo| wlplqj sureohpv/ lq zklfk wkh rswlpdo
wlph wr uhsodfh wkh fxuuhqw whfkqrorj| kdg wr eh ghwhuplqhg1 Dv d uhvxow ri wkh vorz whfk0
qrorjlfdo surjuhvv/ rqo| rqh qhz whfkqrorj| kdg wr eh wdnhq lqwr dffrxqw1 Iru h{dpsoh/ dw
wkh ehjlqqlqj ri wklv fhqwxu| wkh whfkqrorj| lqyhvwphqw ghflvlrq ri d udlozd| frpsdq| ghdow
zlwk wkh ghflvlrq zkhq wr uhsodfh lwv vwhdp vkxqwhuv zlwk glhvho vkxqwhuv1 Xs wr wkh suhvhqw
gd| prvw udlozd| frpsdqlhv vwloo zrun zlwk glhvho vkxqwhuv1
Qrzdgd|v/ d up vkrxog wdnh lqwr dffrxqw wkdw wkh fxuuhqw vwdwh ri wkh duw lq lqirupdwlrq
whfkqrorj| zloo eh rog idvklrqhg lq d ihz |hduv1 Wkxv wkh lqyhvwphqw ghflvlrq sureohp lv
qr orqjhu rqo| d txhvwlrq ri zkhq wr dgrsw d qhz whfkqrorj| exw dovr d txhvwlrq ri zklfk
whfkqrorj| vkrxog eh dgrswhg1 Wkhuhiruh lw lv lpsruwdqw wr ghvljq d wkhruhwlfdo iudphzrun
lq zklfk vhyhudo qhz whfkqrorjlhv duh frqvlghuhg1 Wklv sdshu zdqwv wr frqwulexwh wr wklv
4Nulheho +4<;<, qrwhv wkdw urxjko| 83 surfhqw ri qhz frusrudwh fdslwdo h{shqglwxuhv e| pdmru X1V1 frpsdqlhv
lv lq lqirupdwlrq whfkqrorj|1
5\ruxnrjox +4<<;/ s1 885,= Lqirupdwlrq whfkqrorj| fdslwdo kdv d yhu| kljk sdfh ri whfkqrorjlfdo lpsuryh0
phqw1 Frpsduhg zlwk pruh wudglwlrqdo w|shv ri fdslwdo/ wkh h!flhqf| ri lqirupdwlrq whfkqrorj| fdslwdo
kdv lqfuhdvhg pxfk idvwhu ryhu wkh odvw ihz ghfdghv1 Dv dq h{dpsoh/ frqvlghu wkh pdunhw iru shuvrqdo
frpsxwhuv1 LEP lqwurgxfhg lwv Shqwlxp SFv lq wkh hduo| 4<<3v dw wkh vdph sulfh dw zklfk lw lqwurgxfhg
lwv 5;9 SFv lq wkh 4<;3v1 Wkhuhiruh lw wrrn ohvv wkdq d ghfdgh iru wkh frpsxwlqj whfkqrorj| wr lpsuryh rq
wkh rughu ri 53 wlphv lq whupv ri erwk vshhg dqg phpru| fdsdflwlhv/ zlwkrxw lqfuhdvlqj wkh frvw1
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dlp1
Dqrwkhu ihdwxuh ri wkh odvw ghfdgh lv wkdw upv pruh dqg pruh idfh frpshwlwlrq rq wkhlu
rxwsxw pdunhwv1 Rqh uhdvrq lv wkh derolwlrq ri prqrsrolvwlf pdunhwv fuhdwhg e| jryhuqphqw1
Lq wkh Qhwkhuodqgv h{dpsohv duh wkh rshqlqj ri wkh pdunhwv iru whohfrppxqlfdwlrq/ udlozd|
dqg srzhu vxsso|1 Dqrwkhu uhdvrq lv wkh/ vwloo rqjrlqj/ surfhvv ri phujhuv/ zklfk gxh wr
ohjlvodwlrq zloo qrw hqg zlwk d pdunhw zlwk rqo| rqh vxssolhu1 Wkh uhvxow lv wkdw pdunhwv
zlwk rqo| rqh vxssolhu dqg pdunhwv zlwk pdq| vxssolhuv vhhp wr glvdsshdu1 Wkxv/ lq lwv
rzq lqyhvwphqw ghflvlrq/ d up vkrxog wdnh lqwr dffrxqw wkh lqyhvwphqw ehkdylru e| lwv
frpshwlwruv/ zklfk lv ghdow zlwk lq wklv sdshu1
Wkh h{lvwlqj olwhudwxuh rq whfkqrorj| dgrswlrq prghov fdq eh glylghg lqwr wzr fdwhjrulhv1
Wkh prghov lq wkh uvw fdwhjru| duh ghflvlrq wkhruhwlf prghov wkdw dqdo|}h wkh whfkqrorj|
lqyhvwphqw ghflvlrq ri d vlqjoh up1 Lq wkh prvw dgydqfhg prghov wkhuh duh pxowlsoh qhz
whfkqrorjlhv wkdw duulyh ryhu wlph dffruglqj wr d vwrfkdvwlf surfhvv1 H{dpsohv duh Edofhu
dqg Olsspdq +4<;7,/ Qdlu +4<<8,/ Udmdjrsdodq hw do1 +4<<;, dqg Idu}lq hw do1 +4<<;,1 Wkh
gudzedfn ri wkhvh prghov lv wkdw wkh| dqdo|}h wkh lqyhvwphqw ghflvlrq ri rqo| rqh up lq
lvrodwlrq/ vr wkdw wkh hhfwv ri frpshwlwlrq duh qrw lqfrusrudwhg1
Wkh vhfrqg fdwhjru| prghov duh jdph wkhruhwlf prghov1 Wzr +ru pruh, upv frpshwh rq
dq rxwsxw pdunhw dqg surgxfh jrrgv xvlqj d sduwlfxodu whfkqrorj|1 Wkhq/ d qhz dqg pruh
h!flhqw whfkqrorj| lv lqyhqwhg/ dqg wkh txhvwlrq lv dw zkdw wlph wkh upv vkrxog dgrsw lw1
Uhlqjdqxp +4<;4, zdv wkh uvw wr dqdo|}h wklv nlqg ri prgho1 Vkh frqvlghuhg d gxrsro|
zlwk lghqwlfdo upv/ lq zklfk wkhuh lv qr xqfhuwdlqw| lq wkh lqqrydwlrq surfhvv/ dqg rqh qhz
whfkqrorj| lv frqvlghuhg1 Wkh lqyhvwphqw h{shqglwxuh uhtxluhg wr dgrsw wkh qhz whfkqrorj|
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ghfuhdvhv ryhu wlph dqg wkh h!flhqf| lpsuryhphqw lv nqrzq1 Li d up dgrswv wkh qhz
whfkqrorj| ehiruh wkh rwkhu rqh grhv/ lw pdnhv vxevwdqwldo surwv dw wkh h{shqvh ri wkh
rwkhu up1 Rq wkh rwkhu kdqg wkh lqyhvwphqw frvw ehlqj ghfuhdvlqj ryhu wlph surylghv dq
lqfhqwlyh wr zdlw zlwk lqyhvwlqj1 Uhlqjdqxp dvvxphv wkdw wkh upv suhfrpplw wkhpvhoyhv
wr dgrswlrq wlphv/ vr vkh dxwrpdwlfdoo| rewdlqv rshq0orrs htxloleuld1
Ixghqehuj dqg Wluroh +4<;8, suryhg wkdw lq wkhvh htxloleuld wkh ohdghu +wkh up wkdw lqyhvwv
uvw, hduqv pruh wkdq wkh iroorzhu +wkh up wkdw lqyhvwv vhfrqg,1 Vlqfh suhfrpplwphqw vhhpv
qrw wr eh yhu| uhdolvwlf lq wkh vwudwhjlf vhwwlqj ri d gxrsro|/ Ixghqehuj dqg Wluroh h{whqg
Uhlqjdqxp*v prgho e| uhod{lqj wklv dvvxpswlrq dqg e| qrw ghwhuplqlqj ehiruhkdqg zklfk
up lv wkh ohdghu1 Wkh| wkhuhiruh doorz suhhpswlrq dqg rewdlq forvhg0orrs htxloleuld zlwk
uhqw htxdol}dwlrq1
Wkh gudzedfn ri wkh Uhlqjdqxp0Ixghqehuj0Wluroh prgho lv wkh dvvxpswlrq wkdw wkhuh
lv rqo| rqh qhz whfkqrorj| dydlodeoh iru wkh upv/ dqg/ dv vwdwhg lq wkh ehjlqqlqj ri wklv
lqwurgxfwlrq/ suhvhqw whfkqrorj| lqyhvwphqw ghflvlrqv kdyh wr ghdo zlwk d vhtxhqfh ri qhz
whfkqrorjlhv1 Lq wklv sdshu zh h{whqg wkh Uhlqjdqxp0Ixghqehuj0Wluroh prgho e| dgglqj
xqfhuwdlqw| wr wkh lqqrydwlrq surfhvv dqg e| frqvlghulqj vhyhudo qhz whfkqrorjlhv1 Wkh qhz
whfkqrorjlhv duh lqyhqwhg dw suhylrxvo| xqnqrzq srlqwv ri wlph61 Wkh lqyhvwphqw ghflvlrq
sureohp lv vroyhg e| lqwurgxflqj wkh zdlwlqj fxuyh dv d qhz frqfhsw lq wlplqj jdphv1
Wkh uhpdlqghu ri wklv sdshu lv rujdql}hg dv iroorzv1 Lq Vhfwlrq 5 wkh lqyhvwphqw ghflvlrq
sureohp ri d up lv ghvfulehg1 Zh uhirupxodwh wkh lqyhvwphqw ghflvlrq sureohp dv d wlplqj
6D glhuhqw iudphzrun lv frqvlghuhg lq wkh gxrsro| prgho e| Jdlprq +4<;<,1 Lq wkdw sdshu d frqwlqxrxv
vwuhdp ri qhz whfkqrorjlhv duulyhv ryhu wlph/ zklfk lv nqrzq ehiruhkdqg e| wkh upv1
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jdph/ dqg ghvljq dq dojrulwkp wr vroyh lw lq Vhfwlrq 61 Lq Vhfwlrq 7 zh dsso| wkh dojrulwkp
wr dq lqirupdwlrq whfkqrorj| lqyhvwphqw sureohp1 Frqfoxglqj uhpdunv duh jlyhq lq Vhfwlrq
81
51 Lqyhvwphqw Ghflvlrq Sureohp
Lq wklv vhfwlrq zh ghvfuleh wkh prgho ri wklv sdshu1 Wkh uvw dvvxpswlrq lv wkdw upv duh
lghqwlfdo1 Hdfk up kdv d surw ixqfwlrq Z Ew%c w+/ zkhuh w% htxdov wkh whfkqrorj|0h!flhqf|
sdudphwhu ri wkh whfkqrorj| wkdw wkh up xvhv lwvhoi dqg w+ wkdw ri lwv rssrqhqw1 Wkh surw
ixqfwlrq ri hdfk up lv qrq0qhjdwlyh/ lqfuhdvlqj dqg frqfdyh lq lwv rzq whfkqrorj|0h!flhqf|
sdudphwhu dqg ghfuhdvlqj lq lwv ulydo whfkqrorj|0h!flhqf| sdudphwhu1 Wklv iru wkh uhdvrq
wkdw d up fdq pdnh pruh surwv zkhq lw surgxfhv zlwk d pruh h!flhqw whfkqrorj|/ wkh idfw
wkdw wkh jurzwk ri wkh surwv zloo eh olplwhg +gxh wr rxwsxw pdunhw vdwxudwlrq dqg wkh idfw
wkdw surgxfwlrq frvwv duh dozd|v srvlwlyh, dqg d up zloo pdnh ohvv surwv zkhq lwv ulydo
xvhv d pruh h!flhqw whfkqrorj|=













Zh dqdo|}h d g|qdplf prgho zlwk dq lqqlwh sodqqlqj krul}rq1 Ulvn0qhxwudo upv duh
frqvlghuhg/ zklfk glvfrxqw wkh vwuhdp ri ixwxuh surwv dw d frqvwdqw udwh o1 Lqlwldoo| hdfk
up surgxfhv zlwk d whfkqrorj| ghvljqdwhg e| w ' wf1 Dv wlph sdvvhv qhz whfkqrorjlhv
ehfrph dydlodeoh +wkh 0wk whfkqrorj| wr duulyh zlwk h!flhqf| w,/ dqg hdfk up kdv wkh
8
rssruwxqlw| wr dgrsw d qhz whfkqrorj| e| lqyhvwlqj U E| c zkhuh | lv wkh ohqjwk ri wkh wlph
shulrg sdvvhg vlqfh wkh lqwurgxfwlrq ri wkdw whfkqrorj|1 Zh dvvxph wkh vhfrqg kdqg pdunhw
iru wkhvh fdslwdo jrrgv wr eh qhjoljleoh +h1j1 lqirupdwlrq whfkqrorj| surgxfwv, vr wkdw wklv
lqyhvwphqw lv luuhyhuvleoh +wklv dvvxpswlrq lv h{whqvlyho| prwlydwhg lq Gl{lw dqg Slqg|fn
+4<<7,,1 Wkh glhuhqfhv ehwzhhq wkh whfkqrorjlhv duh doo fdswxuhg lq wkh glhuhqw ydoxhv iru
wc vr wkdw/ zlwkrxw orvlqj dq|wklqj/ lqyhvwphqw h{shqglwxuhv E' U E| fdq eh vhw htxdo iru
doo whfkqrorjlhv1 Wkh lqyhvwphqw frvw U E lv qrq0qhjdwlyh/ ghfuhdvlqj dqg frqyh{ lq wlph=









Vxfk d ghfuhdvh fdq eh prwlydwhg e| wkh idfw wkdw ehwwhu whfkqrorjlhv ehfrph dydlodeoh dv
wlph sdvvhv vr wkdw wkh ghpdqg iru wkh fxuuhqw whfkqrorj| ghfuhdvhv ryhu wlph1 Dqrwkhu
idfwru fdq eh ohduqlqj e| grlqj lq wkh surgxfwlrq surfhvv ri wkh whfkqrorj| vxssolhu1
Ixuwkhupruh/ zh dvvxph wkdw wkh surfhvv ri whfkqrorjlfdo hyroxwlrq +lqqrydwlrq vxsso|, lv
h{rjhqrxv wr wkh upv1 Whfkqrorjlhv ehfrph pruh dqg pruh h!flhqw ryhu wlph/ dqg wkh pruh
h!flhqw d whfkqrorj| wkh odujhu wkh dvvrfldwhg sdudphwhu w1 Krzhyhu/ wkh duulydo surfhvv
ri wkh qhz whfkqrorjlhv lv d vwrfkdvwlf surfhvv1 Zh dvvxph wkdw wkh dvvrfldwhg lqfuhdvhv lq
w duh nqrzq ehiruhkdqg1 Lq sudfwlfh wklv rffxuv/ iru h{dpsoh/ lq wkh fdvh ri plfur0fklsv
zkhuh wkh whfkqlfdo sdudphwhuv dqg vshflfdwlrqv ri ixwxuh ghvljqv duh nqrzq ehiruhkdqg/
exw wkh duulydo gdwh lv xqfhuwdlq vlqfh wkh dsshdudqfh ri whfkqrorj| ghshqgv rq uhvhdufk dqg
ghyhorsphqw dqg pdunhw idfwruv dhfwlqj wkh lqwurgxfwlrq ri wkh surgxfw + Qdlu +4<<8,,1
Zh ghqrwh wkh qhzhvw ru ehvw whfkqrorj| dydlodeoh dw wlph | e|  E|  Wr lqfrusrudwh wkh
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xqfhuwdlqw| lq wkh lqqrydwlrq surfhvv zh dvvxph wkdw  E| lv d Srlvvrq surfhvv zlwk udwh b1
Zh ghqh A wr eh htxdo wr wkh srlqw lq wlph dw zklfk whfkqrorj|  ehfrphv dydlodeoh1 Wkh
qhz whfkqrorj|  kdv h!flhqf| ohyho htxdo wr w : w3c  ' c 2c   1 Wkh lqwhuduulydo wlph  
lv wkh wlph ehwzhhq wkh lqyhqwlrq wlphv ri wkh En 0wk dqg 0wk whfkqrorj|=
  ' An  Ac  ' c 2c     +6,
Dv d uhvxow ri wkh Srlvvrq duulydo surfhvv wkh  *v duh lqghshqghqwo| dqg lghqwlfdoo| glvwulexwhg
dffruglqj wr dq h{srqhqwldo glvwulexwlrq zlwk sdudphwhu b1
61 Wlplqj Jdph
Iru vlpsolflw| uhdvrqv zh uhvwulfw rxuvhoyhv wr wkh fdvh zkhuh upv fdq rqo| pdnh rqh
whfkqrorj| vzlwfk1 Wklv pruh ru ohvv krogv iru upv zkrvh qdqfldo phdqv duh olplwhg1 Zh
wudqvirup wkh lqyhvwphqw ghflvlrq sureohp lqwr d wzr sod|hu wlplqj jdph1
Lq d wlplqj jdph hdfk sod|hu kdv wr ghflgh zkhq wr pdnh d vlqjoh pryh1 Wkh sod|hu wkdw
pryhv uvw lv fdoohg wkh ohdghu dqg wkh rwkhu lv wkh iroorzhu1 Vlqfh upv duh lghqwlfdo wkhuh
vhhpv wr eh qr uhdvrq zk| rqh ri wkhvh upv vkrxog eh jlyhq wkh ohdghu uroh ehiruhkdqg1
Wkhuhiruh/ zh vwulyh dw rewdlqlqj htxloleuld zkhuh lw lv qrw nqrzq ehiruhkdqg zklfk up zloo
lqyhvw uvw1 Lq wkh jhqhudo vhwwlqj ri d wlplqj jdph wkh sd|r ri d sod|hu ghshqgv rq lwv
rzq gdwh ri prylqj dqg wkh rwkhu sod|hu*v gdwh ri prylqj1 Lq fdvh rqh sod|hu kdv douhdg|
pryhg/ wkh sureohp iru wkh rwkhu sod|hu lv d rqh shuvrq ghflvlrq sureohp1 D sod|hu fdq uhdfw
lqvwdqwdqhrxvo| wr lwv rssrqhqw*v dfwlrq1
Irxu sd|r fxuyhv duh lpsruwdqw lq rxu wlplqj jdph1 Hdfk sd|r fxuyh lv d ixqfwlrq ri
:
wlph |/ zklfk lv wkh wlph sdvvhg vlqfh wkh odvw whfkqrorj| kdv ehfrph dydlodeoh iru wkh upv1
Ohw wkh ohdghu pryh dw wlph | Wkhq wkh ydoxh ri wkh iroorzhu/ zklfk lv wkh rxwfrph ri wkh rqh
shuvrq*v ghflvlrq sureohp/ lv ghqrwhg e| 8 E|  Wkh ydoxh ri wkh ohdghu lv jlyhq e| u E| c lq
zklfk wkh rswlpdo dfwlrq ri wkh iroorzhu lv lqfoxghg1 Lq fdvh ri d vlpxowdqhrxv pryh dw wlph
| wkh ydoxh ri d sod|hu lv ghqrwhg e|  E|  Vlqfh vlpxowdqhrxv prylqj lv dozd|v srvvleoh iru
wkh iroorzhu/ lw krogv wkdw
8 E|   E| c iru doo | +7,
Wkh irxuwk fxuyh lv fdoohg wkh zdlwlqj fxuyh/ zklfk lv d qhz frqfhsw zlwklq wkh duhd ri wlplqj
jdphv1 Khuh/ wkh zdlwlqj fxuyh lv xvhg wr wudqvirup wkh lqyhvwphqw ghflvlrq sureohp xqghu
frqvlghudwlrq lqwr d wlplqj jdph1 Wkh zdlwlqj fxuyh uhsuhvhqwv wkh h{shfwhg sd|r ri d
up li erwk upv gr qrw pryh +dw ohdvw, xqwlo wkh qh{w duulydo ri d qhz whfkqrorj| dqg dfw
rswlpdoo| diwhuzdugv1 Wklv lpsolhv wkdw zh qhhg wr nqrz wkh htxloleulxp rxwfrph ri wkh
jdph wkdw vwduwv diwhu wkh duulydo ri wkh qh{w whfkqrorj|1 Dv d uhvxow zh kdyh wr frqvlghu d
qlwh qxpehu ri qhz whfkqrorjlhv1 Wklv dvvxpswlrq lv qrw wrr vwulfw gxh wr glvfrxqwlqj1 Lq
rughu wr qg wkh uljkw qxpehu ri qhz whfkqrorjlhv wr wdnh lqwr dffrxqw lq wkh prgho/ wkh
iroorzlqj dojrulwkp fdq eh xvhg=
Vwhs 3 Vroyh wkh prgho zlwk rqh whfkqrorj|1
Vwhs 4 Dgg rqh h{wud whfkqrorj| wr wkh prgho dqg vroyh wkh prgho1
Vwhs 5 Li wkh uhvxowv ri wkh odvw wzr prghov duh yhu| glhuhqw jr wr vwhs 4/ rwkhuzlvh wkh
uljkw qxpehu ri whfkqrorjlhv kdv ehhq irxqg1
D prgho zlwk ? qhz whfkqrorjlhv lv vroyhg dv iroorzv1 Vwduw zlwk vroylqj wkh wlplqj jdph
wkdw vwduwv diwhu wkh duulydo ri wkh ?0wk whfkqrorj|1 Wklv jdph lv d fodvvlfdo wlplqj jdph/ vlqfh
;
lw frqwdlqv qr zdlwlqj fxuyh1 Wkh htxloleulxp rxwfrphv ri wklv jdph duh xvhg wr frqvwuxfw
wkh zdlwlqj fxuyh iru wkh jdph wkdw vwduwv dw vrph wlph gxulqj wkh lqwhuydo dA?3c A?  Vroyh
wklv jdph dqg xvh wkh htxloleulxp rxwfrphv wr frqvwuxfw wkh zdlwlqj fxuyh iru wkh jdph wkdw
vwduwv vrphzkhuh dw wkh wlph lqwhuydo dA?32c A?3  Wklv surfhgxuh jrhv rq xqwlo wkh jdph
wkdw vwduwv dw wlph A ' f lv vroyhg1
Wklv vhfwlrq ghvfulehv wkh frqvwuxfwlrq ri wkh irxu sd|r fxuyhv1 Lq Vxevhfwlrq 614 zh
ghulyh wkh ydoxh ri d up jlyhq hdfk up*v vwudwhj|1 Diwhu wkdw zh ghwhuplqh wkh ohdghu/
iroorzhu dqg mrlqw0prylqj fxuyhv xvlqj wklv ydoxh ixqfwlrq lq Vxevhfwlrq 6151 Lq Vxevhfwlrq
616 srvvleoh htxloleuld ri wlplqj jdphv zlwkrxw zdlwlqj fxuyh duh h{sodlqhg1 Wkh zdlwlqj
fxuyh lv frqvwuxfwhg lq Vxevhfwlrq 6171 Lq wkdw vxevhfwlrq zh dovr h{sodlq wkh lpsolfdwlrq ri
dgglqj wkh zdlwlqj fxuyh iru wkh srvvleoh htxloleuld ri wlplqj jdphv1 Ilqdoo|/ lq Vxevhfwlrq
618 wkh dojrulwkp iru vroylqj wkh lqyhvwphqw ghflvlrq sureohp zlwk d qlwh qxpehu ri qhz
whfkqrorjlhv lv vxppdul}hg1
6141 Ydoxh Ixqfwlrq
Lq wklv lqyhvwphqw ghflvlrq sureohp upv qrw rqo| kdyh wr ghflgh zkhq wr dgrsw d whfkqro0
rj|/ exw dovr zklfk whfkqrorj| wr dgrsw1 Ghqh T Erc c |c  dv wkh h{shfwhg ydoxh +dw wlph
f, ri d up wkdw dgrswv whfkqrorj|  lwvhoi dw wlph A n r/
7 zkloh lwv ulydo dgrswv whfkqrorj|
 dw wlph A n | Li +lq h{shfwdwlrq, wkh up dgrswv dv vhfrqg/ wkxv A n |  A n r/
8 wkh
7Qrwh wkdw zh ghqrwh wkh vwrfkdvwlf yduldeoh ghvfulelqj wkh duulydo gdwh ri whfkqrorj| l dqg wkh uhdol}dwlrq
ri wkdw vwrfkdvwlf yduldeoh e| wkh vdph v|pero Wl=
8 Li Wl dqg Wm duh erwk vwrfkdvwlf zh ghqh wkdw lw krogv wkdw Wl  Wm > li dqg rqo| li H ^Wl`  H ^Wm ` =
<
h{shfwhg ydoxh ri wkh up htxdov
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dqg li A n | : A n r=
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Htxdwlrq +9, fdq eh zulwwhq dv iroorzv

































Vlqfh wkh ydoxhv iru r dqg | duh ghwhuplqhg e| wkh upv wkhpvhoyhv/ wkh| duh nqrzq iru vxuh1





c zkhuh & 5 ic j  Lw lv reylrxv wkdw li whfkqrorj| & kdv duulyhg
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ehiruh vrph wlph Ac lwv duulydo gdwh A& lv nqrzq iru vxuh dw wklv wlph A 1 Qrz frqvlghu wkh
vlwxdwlrq wkdw whfkqrorj| & kdv qrw ehhq lqyhqwhg e| wlph A 1 Sohdvh uhphpehu wkdw  EA 
lv wkh qxpehu ri wkh prvw h!flhqw whfkqrorj| wkdw lv dydlodeoh dw wlph A 1 Zh ghqrwh wkh
qxpehu ri whfkqrorjlhv wkdw duulyh gxulqj dq lqwhuydo dAc A n 7 e| - E71 Wkxv/ lw krogv
wkdw - E7 '  EA n 7 EA 1 Gxh wr wkh idfw wkdw  lv d Srlvvrq surfhvv zlwk udwh b/ wkh
vwrfkdvwlf yduldeoh - E7 lv glvwulexwhg dffruglqj wr d Srlvvrq glvwulexwlrq zlwk sdudphwhu
b71 Qrz lw lv qrw kdug wr vhh wkdw
h EA&  A  7m EA  	 & '
"[
'&3EA 
h E- E7 '  +<,
Xvlqj htxdwlrq +<, zh ghulyh wkh iroorzlqj h{suhvvlrq iru .
k
e3oEA&3A 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9Dvvxph wkdw wkh vwrfkdvwlf yduldeoh [ lv glvwulexwhg ryhu wkh lqwhuydo ^3>4, dffruglqj wr vrph glvwulexwlrq
zlwk glvwulexwlrq ixqfwlrq I +{, =@ Su +[  {,/ dqg wkdw wkh ixqfwlrq i +{, lv frqwlqxrxv dqg glhuhqwldeoh
lq {1
Wkhq H ^i +[,` @
4U
{@3



































































 EA  	 &c
e3oA&  EA   &
+44,
6151 Ohdghu/ Iroorzhu dqg Mrlqw0Prylqj Fxuyhv
Dw hdfk srlqw ri wlph | wkh ohdghu fdq fkrrvh wr lpphgldwho| lqyhvw lq d whfkqrorj|  iurp
wkh qlwh vhw ic 2c    c  E|j  Jlyhq dq dgrswlrq vwudwhj| ri wkh ohdghu E|c  wkh rswlpdo
uhdfwlrq ri wkh iroorzhu fdq eh fdofxodwhg lq wzr vwhsv1
Lq wkh uvw vwhs/ ghulyh iru hdfk whfkqrorj|  wkh rswlpdo dgrswlrq gdwh rW iru wkh iroorzhu1
Vlqfh wkh iroorzhu*v sd|r ghshqgv rq wkh whfkqrorj| wkh rwkhu up xvhv/ rW zloo eh d ixqfwlrq
ri | dqg 1 Wkhuhiruh/
rW E|c  ' @h} 4@ 
D4@ EAc|
T Ec c |c   +45,
Lq rughu wr eh pruh vshflf derxw rW E|c  frqvlghu wkh iroorzlqj vfhqdulr= wkh ohdghu kdv
douhdg| dgrswhg whfkqrorj|  dqg whfkqrorj|  kdv mxvw ehhq lqyhqwhg1 Wkh iroorzhu fdq hlwkhu
dgrsw whfkqrorj|  uljkw dzd| ru ghod| dgrswlrq1 Ohw 8 E ghqrwh wkh rswlpdo zdlwlqj wlph
iru wkh iroorzhu/ wkdw lv wkh ohqjwk ri wkh wlph shulrg ehwzhhq lqyhqwlrq dqg rswlpdo dgrswlrq
45
ri whfkqrorj| 1 Vroylqj wkh pd{lpl}dwlrq sureohp +45,/ lq zklfk T Ec c c  lv jlyhq e| +:,/
|lhogv wkdw 8 E ' f li
Z Ewc w Z Ewfc w  oU Ef U
 Ef c +46,
dqg wkdw 8 E lv lpsolflwo| ghwhuplqhg e|


















pdujlqdo ehqhwv/ Z Ewc w Z Ewfc w/ duh edodqfhg dw wlph 
8
 E1 Wkh pdujlqdo frvwv duh
htxdo wr wkh rssruwxqlw| frvwv ri wkh lqyhvwphqw/ oU E|/ dqg wkh frvwv uhvxowlqj iurp wkh idfw
wkdw wkh up lqyhvwv uljkw dzd| vr wkdw lw grhv qrw wdnh dgydqwdjh iurp U ehlqj ghfuhdvlqj
ryhu wlph1 Li dw wlph 3 wkh pdujlqdo ehqhwv h{fhhg wkh pdujlqdo frvwv +fi1 htxdwlrq +46,,
wkh up vkrxog dgrsw lpphgldwho| vr wkdw 8 E ' f1
Xvlqj wkh ghqlwlrq ri 8 E
:/ zh h{whqg wklv sduwlfxodu vfhqdulr wr wkh jhqhudo fdvh dqg
frqfoxgh wkdw wkh rswlpdo dgrswlrq wlph rW E|c  lv htxdo wr
rW E|c  '
;AA?
AAA=









Lq wkh vhfrqg vwhs/ xvh +48, wr ghwhuplqh wkh whfkqrorj| W wkdw pd{lpl}hv wkh iroorzhu*v
sd|r/ jlyhq wkdw wkh ohdghu lqyhvwv dw wlph | lq whfkqrorj| =
W E|c  ' @h}4@ 
&
T ErW& E|c  c &c |c   +49,
: Vlqfh  +l> m, lv lqfuhdvlqj lq l / zh nqrz wkdw wkhuh h{lvwv d el +m, vxfk wkdw zIl +m, @ 3 iru doo l el +m,1
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Wkh ohdghu/ kdylqj uhdg wkh suhylrxv olqhv/ wdnhv lqwr dffrxqw wkh iroorzhu*v lqyhvwphqw
ehkdylru lq fkrrvlqj dw wlph | wkh whfkqrorj| W E| wkdw uhvxowv lq wkh odujhvw sd|r=








Wkh surfhvv ghvfulehg deryh uhvxowv lq wkh iroorzlqj ydoxh ixqfwlrqv iru wkh wlplqj jdph=
u E|'T

|c W E| c rWWE|cWE| E|c 






W E| c W E|c W E| c |c W E|

c +4<,
 E|'T E|c W E| c |c W E|  +53,
6161 Htxloleuld iru Wlplqj Jdphv zlwkrxw Zdlwlqj Fxuyh
Lq wklv vxevhfwlrq srvvleoh htxloleuld iru fodvvlfdo wlplqj jdphv/ l1h1 wlplqj jdphv zlwkrxw
zdlwlqj fxuyhv/ duh suhvhqwhg1 Lq rxu prgho zlwk ? qhz whfkqrorjlhv wkh jdph wkdw vwduwv
diwhu wlph A? lv d fodvvlfdo wlplqj jdph1
Fodvvlfdo wlplqj jdphv fdq eh glylghg lq wzr fodvvhv1 Wkh uvw fodvv frqvlvwv ri wkh vr0
fdoohg suhhpswlrq jdphv dqg wkh hohphqwv ri wkh vhfrqg fodvv duh fdoohg zduv ri dwwulwlrq1
Suhhpswlrq jdphv duh fkdudfwhul}hg e| wkh idfw wkdw wkhuh h{lvwv d srlqw ri wlph zkhuh wkhuh
lv d uvw pryhu dgydqwdjh=
<| 5 dfc4 vxfk wkdw u E| : 8 E|  +54,
Lq d zdu ri dwwulwlrq wkh iroorzhu*v sd|r h{fhhgv wkh ohdghu*v sd|r dw doo wlphv=
8 E| : u E| iru doo | 5 dfc4  +55,
Lq jhqhudo d +fodvvlfdo, wlplqj jdph fdq eh vsolw xs lqwr d qlwh qxpehu ri vxejdphv/
zkhuh hdfk vxejdph lv d suhhpswlrq jdph ru d zdu ri dwwulwlrq1 Gxh wr wkh ghqlwlrqv ri
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suhhpswlrq jdphv dqg zduv ri dwwulwlrq/ wkh vsolw xs srlqwv zloo eh wkh srlqwv dw zklfk wkh
ixqfwlrq u E|8 E| fkdqjhv lwv vljq1 Wkh htxloleulxp ri d jhqhudo wlplqj jdph lv irxqg e|
uvw vroylqj wkh odvw vxejdph/ xvlqj wkh uhvxowlqj ydoxh ixqfwlrqv ri wkh htxloleulxp ri wklv
vxejdph lq wkh vhfrqg odvw vxejdph dqg vr iruwk dqg vr rq1
Vlqfh zh dqdo|}h lghqwlfdo upv zh duh hvshfldoo| lqwhuhvwhg lq htxloleuld zlwk v|pphwulf
vwudwhjlhv1 Iru lghqwlfdo dqg udwlrqdo upv wkhuh lv qr uhdvrq zk| wkh| vkrxog dfw glhuhqwo|1
Dq h{dpsoh dqg d uljrurxv wuhdwphqw ri d suhhpswlrq jdph fdq eh irxqg lq Ixghqehuj dqg
Wluroh +4<;8,1 Khqgulfnv hw do1 +4<;;, dqdo|}h zduv ri dwwulwlrq lq ghwdlo dqg htxloleulxp
vwudwhjlhv fdq eh irxqg lq wkdw sdshu1
Wkh htxloleulxp rxwfrph ri wkh wlplqj jdph wkdw vwduwv diwhu wlph A? ghshqgv rq wkh
lqwhuduulydo wlph ?3 Zh ghqrwh wkh +h{shfwhg, htxloleulxp rxwfrph ri wkh jdph wkdw
vwduwv diwhu wlph A? e| l? E?31 Li wkh jdph kdv pruh wkdq rqh htxloleulxp/ zh xvh wkh
prvw uhdvrqdeoh; htxloleulxp lq wkh fdofxodwlrqv1
6171 Zdlwlqj Fxuyh

















;Wkh prvw uhdvrqdeoh htxloleulxp lv ghqhg dv wkh htxloleulxp xqghu zklfk wkh sod|hu*v sd|rv duh pd{lpdo
+wkh Sduhwr rswlpdo htxloleulxp/ fi1 Ixghqehuj dqg Wluroh +4<;8,,
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Wkh uvw sduw uhsuhvhqwv wkh surwv pdgh e| wkh up rq wkh wlph lqwhuydo dfc |o  Wkh vhfrqg
sduw uhvhpeohv wkh h{shfwhg sd|r ri wkh up iurp wlph | rqzdugv frqglwlrqhg rq wkh
lqwhuduulydo wlph ?3/ zkhuh l? E?3 uhsuhvhqwv wkh +h{shfwhg, rxwfrph ri wkh jdph wkdw
dulvhv dw wkh prphqw wkdw wkh ?0wk whfkqrorj| lv lqyhqwhg1
Frqvlghu d wlplqj jdph iru zklfk wkh ohdghu sd|r h{fhhgv wkh zdlwlqj sd|r iru vrph
wlph |= u E| : ` E|  Wkhq dw ohdvw rqh up lv ehwwhu r e| lqyhvwlqj dw wlph |1 Wkxv d
zdlwlqj fxuyh lq d wlplqj jdph rqo| pdwwhuv li lw krogv wkdw ` E| : u E| iru doo | 5 dfc4 
Lq vxfk d jdph wkh htxloleulxp vwudwhj| iru erwk upv lv wr uhiudlq iurp lqyhvwphqw dw ohdvw
xqwlo wkh duulydo ri wkh qh{w whfkqrorj|1 Wkxv wkh htxloleulxp rxwfrph ri d jdph zlwk zdlwlqj
fxuyh htxdov wkh htxloleulxp rxwfrph ri wkh vdph jdph zlwkrxw zdlwlqj fxuyh li lw krogv
wkdw wkhuh h{lvwv d wlph | iru zklfk u E| : ` E|  Rwkhuzlvh/ wkh ydoxh ri wkh htxloleulxp
rxwfrph dw vrph srlqw lq wlph lv htxdo wr wkh zdlwlqj fxuyh dw wkdw wlph lqvwdqw1
Lq jhqhudo/ wkh htxloleulxp rxwfrph ri wkh jdph wkdw vwduwv lq wkh lqwhuydo dA&c A&n lv
ghqrwhg e| l& E&3  Xvlqj wklv qrwdwlrq/ wkh jhqhudo zdlwlqj fxuyh iru d jdph wkdw vwduwv


















Lq wklv vxevhfwlrq wkh vroxwlrq surfhgxuh lv vxppdul}hg1 Lq wkh uvw vwhs wkh fodvvlfdo
wlplqj jdph wkdw vwduwv dw wlph A? lv vroyhg1 Wklv jlyhv wkh htxloleulxp rxwfrph ixqfwlrq
l? E?3  Xvlqj wklv htxloleulxp rxwfrph ixqfwlrq zh frqvwuxfw wkh zdlwlqj fxuyh +56, dqg
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vroyh wkh wlplqj jdph wkdw vwduwv dw d srlqw lq wlph rq wkh lqwhuydo dA?3c A?  Wkh uhvxowlqj
rxwfrphv duh lqfrusrudwhg lq wkh ixqfwlrq l?3 E?32 zklfk lv djdlq xvhg wr frqvwuxfw wkh
zdlwlqj fxuyh iru wkh wlplqj jdph wkdw vwduwv vrphzkhuh gxulqj wkh wlph lqwhuydo dA?32c A?31
Wklv surfhvv lv uhshdwhg xqwlo wkh jdph wkdw vwduwv dw A lv vroyhg1
Frpelqlqj wkh htxloleulxp vwudwhjlhv ri hdfk vwhs jlyhv wkh rswlpdo lqyhvwphqw vwudwhj|
ri wkh up1 Wkh h{0dqwh suredelolwlhv ri hdfk htxloleulxp rxwfrph fdq eh ghulyhg xvlqj wkh
fdofxodwlrqv ri hdfk vwhs1 Diwhu hdfk uhdol}dwlrq ri dq lqwhuduulydo wlph wkhvh suredelolwlhv
pxvw eh xsgdwhg1
71 Wkh Lqirupdwlrq Whfkqrorj| Lqyhvwphqw Sureohp
Lq wklv vhfwlrq zh dsso| wkh dojrulwkp ri wkh suhylrxv vhfwlrq wr d vshflf lqirupdwlrq
whfkqrorj| lqyhvwphqw sureohp1 Lqirupdwlrq whfkqrorj| surgxfwv duh khdylo| ghshqghqw rq
plfur0fklsv1 Wkh phpru| dqg dulwkphwlf srzhu ri plfur0fklsv ghyhors lq dq h{srqhqwldo
zd| ryhu wlph1 Wklv zdv uvwo| uhfrjql}hg e| rqh ri wkh Lqwho0irxqghuv Jrugrq Prruh lq
4<97/ zkr irxqg rxw wkdw wkh dprxqw ri lqirupdwlrq rq d slhfh ri vlolflxp grxeohv hyhu|
|hdu1 Wklv vwdwhphqw lv fdoohg Prruh*v odz1 Qrzdgd|v/ Prruh*v odz vwloo dssolhv dowkrxjk
wkh grxeolqj wlph kdv ulvhq wr wzr wr wkuhh |hduv1 Lq rxu fdofxodwlrqv lw lv dvvxphg wkdw
rq dyhudjh hyhu| wkuhh |hduv d qhz jhqhudwlrq ri fklsv duulyhv= b ' 

 D qhz jhqhudwlrq ri
fklsv lv d jhqhudwlrq wkdw lv wzlfh dv h!flhqw dv wkh suhfhglqj jhqhudwlrq1 Diwhu dsso|lqj
wkh dojrulwkp vwdwhg lq wkh ehjlqqlqj ri Vhfwlrq 6/ lw wxuqhg rxw wkdw zh qhhg wr wdnh irxu
jhqhudwlrqv ri fklsv lqwr dffrxqw1 Diwhu qrupdol}lqj wkh whfkqrorj| sdudphwhu ri wkh fxuuhqw
4:
whfkqrorj| wr rqh/ wklv jlyhv ulvh wr wkh iroorzlqj w vfkhph=
wf'c +58,
wn'2wc  5 ifc c 2c j c +59,
vr wkdw
w ' 2
c  5 ifc c 2c c ej  +5:,
Gxh wr wkh udslg lqqrydwlrq surfhvv/ sulfhv ri lqirupdwlrq whfkqrorj| surgxfwv jr grzq
txlfno|1 Wkhuhiruh/ zh dvvxph wkdw




Irupxodv +5;,0+63, krog iru hyhu| whfkqrorj| zh frqvlghu1 Khqfh/ wkh whfkqrorjlhv rqo| glhu
lq wkhlu whfkqrorj| sdudphwhu1 Wkh vwudqjh wklqj zlwk plfur0hohfwurqlfv lv wkdw wkhlu idvw
h!flhqf| lpsuryhphqw grhv qrw lpsuhvv frqvxphuv1 Dv dq looxvwudwlrq/ frqvlghu d whohskrqh
lq zklfk d fhuwdlq dprxqw ri whohskrqh qxpehuv fdq eh vwruhg1 D qhz jhqhudwlrq ri fklsv
grxeohv wklv dprxqw/ exw prvw olnho| wklv zloo qrw eh d uhdvrq iru wkh fxvwrphuv wr vhoo wkhlu
rog whohskrqh dqg ex| d qhz rqh1 Dqrwkhu h{dpsoh lv wkdw d qhz jhqhudwlrq ri shuvrqdo
frpsxwhuv zloo qrw grxeoh wkh uhvhdufk rxwsxw ri d vflhqwlvw1 Wkhuhiruh/ d pdqdjhu ri Sklolsv/
Wkhr Foddvvhq/ kdv dujxhg wkdw xwlolw| lv d orjdulwkplf ixqfwlrq ri whfkqrorj|/ lq wkh vhqvh
4;
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Wdeoh 41 Htxloleuld dqg w|sh ri vxejdphv vwduwlqj dw wlph Ae dv ixqfwlrq ri 1 W|sh S lv suhhpswlrq jdph dqg w|sh ZD
lv zdu ri dwwulwlrq1 Wkh ohdghu dgrswlrq wlphv duh ghqhg dv iroorzv= |e G' 4?
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|
T |c c 8e E c e ' T 8e E c ec |c e 
wkdw xwlolw| grxeohv lq fdvh whfkqrorj| srzhu ehfrphv whq wlphv dv odujh<1 Iru wklv uhdvrq zh
dvvxph wkdw surw lqfuhdvhv zlwk wkh whfkqrorj|0h!flhqf| sdudphwhu lq d orjdulwkplf zd|
zlwk edvh 43 +fi1 +5:,,=
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+65,
Lq Dsshqgl{ D wkh h{shfwhg htxloleulxp rxwfrphv iru wkh vxejdphv vwduwlqj uljkw dw wkh
lqyhqwlrq wlphv Aec A dqg A2 duh ghulyhg1 Wkh uhvxowv duh vxppdul}hg lq Wdeohv 4061
Lq Wdeohv 5 dqg 6 wkh htxloleulxp rxwfrphv duh frqglwlrqdo rq wkh qh{w whfkqrorj| qrw
duulylqj wrr hduo|1 Wkdw lv wkh qh{w whfkqrorj| grhv qrw duulyh ehiruh wkh wlph dw zklfk wkh
<Wklv zdv vwdwhg lq wkh Gxwfk pdjd}lqh Hovhylhu +Mdqxdu| 57/ 4<<;,1
4<
2 uhjlrq W|sh Htxloleulxp
Ohdghu Iroorzhu
Whfkqrorj| Wlph Whfkqrorj| Wlph
dfc 2eHe S 6 A n |
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e 7 Ae n
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8
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Wdeoh 51 Htxloleuld dqg w|sh ri vxejdphv vwduwlqj dw wlph A dv ixqfwlrq ri 2 W|sh S lv suhhpswlrq jdph dqg w|sh ZD
lv zdu ri dwwulwlrq1 Wkh ohdghu dgrswlrq wlphv duh ghqhg dv iroorzv= |e G' 4?

|
T |c c 8e E c e ' T 8e E c ec |c  '
f.2.ebDc |u2 E2 G' 4?
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Ohdghu Iroorzhu
Whfkqrorj| Wlph Whfkqrorj| Wlph
dfc" S 5 A2 n |

2e 7 Ae n 
8
e E2
Wdeoh 61 Htxloleuld dqg w|sh ri vxejdphv vwduwlqj dw wlph A2 dv ixqfwlrq ri  W|sh S lv suhhpswlrq jdph dqg w|sh ZD
lv zdu ri dwwulwlrq1 Wkh ohdghu dgrswlrq wlph lv ghqhg dv iroorzv= |2e G' 4?

|
T |c 2c 8e E2 c e ' T 8e E2 c ec |c 2 '
H.fS1
ohdghu fkdqjhv whfkqrorjlhv dffruglqj wr wkh wdeoh1 Lq Dsshqgl{ D wkh htxloleulxp rxwfrph
ixqfwlrqv l E 3 c  ' 2c c ec duh ghulyhg iurp Wdeohv 4061
Li whfkqrorj| 7 duulyhv vkruwo| diwhu whfkqrorj| 6 +vhh uvw olqh ri Wdeoh 4,/ whfkqrorj| 7
grplqdwhv whfkqrorj| 6 dqg erwk upv zloo dgrsw whfkqrorj| 71 Li lw wdnhv d olwwoh orqjhu
ehiruh whfkqrorj| 7 ehfrphv dydlodeoh/ whfkqrorj| 6 lv wkh prvw dwwudfwlyh whfkqrorj| iru
wkh ohdghu wr dgrsw1 Lq wkh vhfrqg dqg wklug   uhjlrq wkh iroorzhu*v ydoxh lv kljkhu wkdq
wkh ohdghu*v ydoxh1 Wr h{sodlq wklv vhfrqg pryhu dgydqwdjh/ frqvlghu wkh vhfrqg olqh ri



















 D odwh duulydo ri whfkqrorj| 7 pdnhv whfkqrorj| 6 dw0
wudfwlyh hqrxjk iru gluhfw dgrswlrq/ vhh odvw olqh ri Wdeoh 41 Wdeohv 506 vkrxog eh lqwhusuhwhg
lq wkh vdph zd|1
Zh qrz dqdo|}h wkh jdph dw wkh prphqw zkhuh whfkqrorjlhv 5/ 6 dqg 7 duh qrw lqyhqwhg
|hw lq d pruh hoderudwh zd|1 Xvlqj wkh rxwfrph ixqfwlrq l2 E zh frqvwuxfw wkh zdlwlqj




















Wkh ohdghu/ iroorzhu dqg mrlqw0prylqj fxuyhv duh ghulyhg zlwk wkh htxdwlrqv suhvhqwhg lq
Vhfwlrq 61 Lq Iljxuh 4 wkh irxu fxuyhv duh sorwwhg1
Iurp Iljxuh 4 wkh iroorzlqj rughulqj ri wkh fxuyhv lv ghulyhg= 8 E| : ` E| : u E| :
 E| iru doo | 5 dAc A2  Wklv lpsolhv wkdw hdfk up olnhv wkh rwkhu wr lqyhvw dv uvw dqg
grhv qrw zdqw wr lqyhvw dv uvw lwvhoi1 Wkxv zdlwlqj lv wkh rswlpdo vwudwhj| iru wkh upv lq
wkh jdph wkdw vwduwv lq wkh lqwhuydo dAc A2 
Wkhq dw wlph A2 wkh jdph vwduwv zkhuh whfkqrorjlhv 4 dqg 5 duh suhvhqw/ exw wkh uhpdlqlqj
whfkqrorjlhv 6 dqg 7 duh qrw lqyhqwhg |hw1 Iurp Wdeoh 6 zh ghulyh wkdw rqh up zloo dgrsw
whfkqrorj| 5 dw wlph A2 n |

2e dqg wkh rwkhu whfkqrorj| 7 li wkh wklug whfkqrorj| grhv qrw












wklv lv wkh fdvh1
54







































whfkqrorj| 6 duulyhv ehiruh wlph A2 n |

2e Qrz/ wkhuh duh wzr fdvhv1 Lq fdvh D/ 2 lv vpdoohu
wkdq wkh erxqgdu| 2eHe +vhh Wdeoh 5,/ zklfk rffxuv zlwk suredelolw|
h E 2 	 2eHe '  e
3bu2eHe ' fefec
dqg lq fdvh E/ 2eHe 	  2 	 |

2ec zklfk rffxuv zlwk suredelolw|
h









Wdeoh 5 vwdwhv wkdw/ lq fdvh D/ wkh rxwfrph zloo eh dgrswlrq ri whfkqrorj| 6 dw wlph An|

e




 2 	 |
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Lq wklv fdvh wkh rxwfrph zloo eh d suhhpswlrq htxloleulxp lq zklfk rqh up dgrswv whfkqrorj|
7 dw wlph Ae n |

e dqg wkh rwkhu up whfkqrorj| 7 dw wlph Ae n
8
e Ee  Khuh lw lv lpsruwdqw
wr qrwh wkdw |e ' f.2.ebD lv vpdoohu wkdq wkh uvw   erxqgdu| 31;338<41 Khqfh/ zlwk
suredelolw| rqh wkh rxwfrphv olvwhg rq wkh olqhv 508 ri Wdeoh 4 zloo qrw rffxu khuh1
Fdvh E lv d olwwoh pruh frpsolfdwhg1 Wkh rxwfrph h{klelwv dgrswlrq ri whfkqrorj| 6 dw
wlph A n |
u
2 E 2 e| rqh up +wkh rwkhu up dgrswv whfkqrorj| 7, li whfkqrorj| 7 duulyhv
diwhu wlph A n |
u
2 E2 c zklfk kdsshqv zlwk suredelolw|=
h

2eHe  2 	 |


























Rwkhuzlvh wkh rxwfrph lv ri wkh suhhpswlrq w|sh +uvw olqh ri Wdeoh 4, li  	 fHffDb
ru d zdu ri dwwulwlrq +vhfrqg olqh ri Wdeoh 4, li    fHffDb Wkh suredelolw| wkdw wkh
suhhpswlrq htxloleulxp rffxuv lv htxdo wr
h

2eHe   2 	 |

2e dqg  	 |
u
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wkh zdu ri dwwulwlrq zloo kdsshq1 Khuh wkh ohdghu dgrswv whfkqrorj| 6 dqg wkh iroorzhu
lqyhvwv lq whfkqrorj| 71 Vr/ rq wkh orqjhu whup wkh iroorzhu surgxfhv zlwk wkh pruh h!flhqw
whfkqrorj| zklfk khuh ohdgv wr d kljkhu sd|r1
Wkh dqdo|vlv deryh lpsolhv wkdw rqo| wkh uvw wzr olqhv ri Wdeohv 4 dqg 5 pdwwhu1 Wklv iru
wkh uhdvrq wkdw rqh ri wkh upv dgrswv dq h{lvwlqj whfkqrorj|/ li d qhz whfkqrorj| duulyhv
wrr odwh1
Lq Wdeoh 7 doo srvvleoh rxwfrphv dqg wkh suredelolwlhv duh vxppdul}hg1 Zh frqfoxgh wkdw




Whfkqrorj| Wlph Whfkqrorj| Wlph
31878:3 S 5 A2 n |
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Wdeoh 71 Htxloleuld dqg h{0dqwh suredelolwlhv dw wlph A ' f W|sh S lv suhhpswlrq jdph dqg w|sh ZD lv zdu ri















































































D, htxdov 31<456;1 Wkh prvw olnho| rxwfrph +suredelolw| 31878:3, lv wkdw rqh up dgrswv
whfkqrorj| 5 dqg wkh rwkhu up whfkqrorj| 71 Zlwk suredelolw| 313;:948 wkhuh lv d vhfrqg
pryhu dgydqwdjh lq wkh htxloleulxp/ l1h1 wkh up wkdw lqyhvwv dv uvw hduqv ohvv wkdq wkh up
wkdw lqyhvwv dv vhfrqg1 Wkh pdunhw vkduh jdlq e| wkh vhfrqg pryhu rvhwv wkh whpsrudu|
pdunhw vkduh jdlq ri wkh uvw pryhu1 Zlwk suredelolw| 31<3375 wkh ohdghu dgrswv dqrwkhu
whfkqrorj| wkdq wkh iroorzhu1 Wkh iroorzhu lv h{shfwhg wr dgrsw whfkqrorj| 7 lq doo htxloleuld1
Mrlqw dgrswlrq grhv qrw rffxu dv dq htxloleulxp rxwfrph1
Zh glg qrw dgg dq h{wud qhz whfkqrorj| wr wkh prgho/ ehfdxvh wkh suredelolw| wkdw erwk
upv dgrsw whfkqrorj| 7 lv ohvv wkdq 31431 Khqfh/ zlwk d suredelolw| ri pruh wkdq <3(
rqh up lqyhvwv lq dqrwkhu whfkqrorj| wkdq wkh odvw rqh1 Iru wklv uhdvrq zh fkrrvh qrw wr
dqdo|}h wkh jdph zlwk rqh whfkqrorj| pruh1
58
81 Frqfoxvlrq
Zh dqdo|}hg d iudphzrun lq zklfk frqvhfxwlyh jhqhudwlrqv ri qhz whfkqrorjlhv duulyh ryhu
wlph/ dqg d up kdv wr pdnh lwv rswlpdo whfkqrorj| lqyhvwphqw ghflvlrq1 Frpshwlwlrq rq
wkh rxwsxw pdunhw lv wdnhq lqwr dffrxqw1 Dv wlph sdvvhv pruh h!flhqw whfkqrorjlhv duulyh
dffruglqj wr d vwrfkdvwlf duulydo surfhvv1 Wkh lqyhvwphqw frvw ri d sduwlfxodu whfkqrorj|
gursv ryhu wlph1
Lqwurgxflqj wkh zdlwlqj fxuyh dv d qhz frqfhsw/ wkh lqyhvwphqw ghflvlrq sureohp zdv
frqyhuwhg lqwr d wlplqj jdph1 Wkh wlplqj jdph fkdqjhv hyhu| wlph d qhz whfkqrorj| hqwhuv
wkh pdunhw1 Zh ghvljqhg dq dojrulwkp wkdw fdq eh xvhg wr vroyh wklv jdph1
Wkh dojrulwkp lv dssolhg wr dq lqirupdwlrq whfkqrorj| lqyhvwphqw sureohp zlwk irxu qhz
whfkqrorjlhv1 Wkh prvw olnho| rxwfrph h{klelwv glxvlrq/ rqh up dgrswv whfkqrorj| 5 hduo|
dqg wkh rwkhu whfkqrorj| 7 odwhu rq/ zkloh wkh h{shfwhg sd|rv ri wkh uvw dqg vhfrqg lqyhvwru
duh wkh vdph1 Zlwk d suredelolw| ri pruh wkdq <3( wkh h{shfwhg sd|rv ri wkh upv duh
htxdo1 Lq wkh rwkhu fdvhv wkh up wkdw lqyhvwv dv vhfrqg grhv ehwwhu wkdq wkh up wkdw
lqyhvwv dv uvw1 Wkxv wkh whpsrudu| jdlq ri pdunhw vkduh e| wkh ohdghu grhv qrw pdnh xs
iru wkh pdunhw vkduh jdlq ri wkh iroorzhu1
Rqh srvvleoh h{whqvlrq ri wklv prgho lv wr uhod{ wkh dvvxpswlrq wkdw upv duh doorzhg wr
pdnh rqo| rqh whfkqrorj| vzlwfk1 Zh eholhyh wkdw wklv prgho fdq eh vroyhg lq wkh vdph
idvklrq= xvh wkh zdlwlqj fxuyh frqfhsw wr frqyhuw wkh jdph wr d wlplqj jdph zlwk pxowlsoh
dfwlrqv dqg vroyh wkdw jdph iroorzlqj wkh zrun e| Vlprq +4<;:,1
Dqrwkhu lqwhuhvwlqj h{whqvlrq lv wr pdnh wkh qxpehu ri dfwlyh upv rq wkh rxwsxw pdunhw
59
hqgrjhqrxv1 Li wkh dfwlyh upv pdnh srvlwlyh surwv lw pd| eh lqwhuhvwlqj iru d qhz up wr
hqwhu wkh pdunhw1 Krz grhv wkh wkuhdw ri hqwhulqj fkdqjh wkh whfkqrorj| dgrswlrq ehkdylru
ri wkh h{lvwlqj upvB Zloo wkh| wu| wr suhyhqw upv wr hqwhu wkh pdunhw e| dgrswlqj qhz
whfkqrorjlhv vrrqhuB
Dsshqgl{
D1 Frqvwuxfwlrq ri wkh Zdlwlqj Fxuyh
Khuh wkh zdlwlqj fxuyh lv frqvwuxfwhg1 Wr gr vr/ vwduwlqj rxw iurp hdfk uhdol}dwlrq wkh
vxejdphv kdyh wr eh vroyhg1 Dsshqgl{ E surylghv vrph uhohydqw pdwkhpdwlfdo suhuhtxlvlwhv
iru wkh dqdo|vlv lq Dsshqgl{ D1
D141 Jdphv Vwduwlqj dw Wlph | 5 dAec4
Wkh rxwfrph ri wkh vxejdph wkdw vwduwv dw d wlph diwhu wkh duulydo ri wkh irxuwk whfkqrorj|
ghshqgv rq wkh uhdol}dwlrq ri Ae dqg wkxv rq wkh uhdol}dwlrq ri   Lw wxuqv rxw wkdw wkhuh
duh yh lpsruwdqw lqwhuydov1 Wklv lpsolhv wkdw wkhuh duh irxu fulwlfdo ydoxhv iru  c ghqrwhg
e|  W E c  5 ic 2c c ej  Rq hdfk ri wkhvh lqwhuydov wkh frqjxudwlrq ri wkh jxuh lq zklfk
uc 8 dqg  duh ghslfwhg lv wkh vdph1
D14141  5 dfc 
W
 E ' dfc fHffDb
Lq Iljxuh 5 wkh wkuhh fxuyhv duh sorwwhg iru   ' fD
Khuh whfkqrorj| 7 lv lqyhqwhg mxvw diwhu wkh lqyhqwlrq gdwh ri whfkqrorj| 61 Wkhuhiruh/
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Iljxuh 51 Ohdghu/ iroorzhu dqg mrlqw prylqj fxuyhv iru wkh vxejdph wkdw vwduwv dw wlph Ae li  ' fD
whfkqrorj| 7 grplqdwhv whfkqrorj| 6 yhu| txlfno|1 Dw wlph |ue E wkh ohdghu lv lqglhuhqw
ehwzhhq dgrswlqj whfkqrorj| 6 dqg whfkqrorj| 7=
T

|ue E c c 
8




|ue E c ec 
8
e Ee c e


Qrwh wkdw wkh iroorzhu lv qrw lqglhuhqw/ ehfdxvh wkh iroorzhu fxuyh mxpsv grzq dw wlph |ue
Wkhuh duh wzr htxloleuld zlwk v|pphwulf vwudwhjlhv1 Ghqh wkh suhhpswlrq wlph |e dv
|e ' 4? i|mu E| ' 8 E|j ' f.eD.b




Dw A : |e lw lv lq wkh lqwhuhvw ri hdfk up wr dgrsw whfkqrorj| 7 uljkw dzd| +vlqfh
u EA  : 8 EA ,1 Exw li d up nqrzv wkdw wkh rwkhu zloo dgrsw dw wklv sduwlfxodu wlph/ lw
zdqwv wr suhhpsw dw A  0 Uhdvrqlqj edfnzdugv/ dw dq| | ehwzhhq |e dqg Ac upv zdqw
wr suhhpsw wr dyrlg ehlqj suhhpswhg odwhu rq1 Dv vkrzq lq Dsshqgl{ E wklv ohdgv wr wkh
iroorzlqj htxloleulxp= zlwk suredelolw| rqh0kdoi d up ehfrphv ohdghu dqg dgrswv whfkqrorj|
5;
7 dw wlph Aen|

e c zkhuh |

e ' f.eD.b Wkh rwkhu up lv iroorzhu dqg dgrswv whfkqrorj| 7 dw
wlph Ae n 
8
e Ee c zkhuh 
8
e Ee ' ebfHf Zlwk suredelolw| rqh0kdoi wkh urohv duh uhyhuvhg1
Zh frqfoxgh wkdw wkh jdph hqgv iru vxuh dw wlph |e 1 Wkh suredelolw| ri d plvwdnh/ l1h1 erwk









htxdo wr }hur +vhh Dsshqgl{ E,1 Erwk up*v ydoxhv duh htxdo/ l1h1 wkhuh lv uhqw0htxdol}dwlrq1














Dw A 	 |e c lw krogv wkdw 8 EA  : u EA  dqg u
 EA  : f Wkhuhiruh/ erwk upv zdlw xqwlo
|e zkhuh wkh deryh ghvfulehg suhhpswlrq jdph vwduwv1
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 ' |

e  Wkxv li  ' 
W
 E
wkh ohdghu lv lqglhuhqw ehwzhhq wzr vwudwhjlhv h{dfwo| dw wkh suhhpswlrq wlph |e 
D14151  5 d
W
 E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W
 E2 ' dfHffDbc .bH
Wkh ohdghu/ iroorzhu dqg mrlqw0prylqj fxuyhv duh sorwwhg lq Iljxuh 6 iru  ' 1

























Iljxuh 61 Ohdghu/ iroorzhu dqg mrlqw prylqj fxuyhv iru wkh vxejdph wkdw vwduwv dw wlph Ae li  ' 
5<
Lq wklv 0uhjlrq wkhuh lv qr htxloleulxp zlwk v|pphwulf vwudwhjlhv1 Khuh/ wkhuh duh irxu
htxloleuld iru wklv vxejdph1 Dw wlph Ae n |
u
e E wkh ohdghu lv lqglhuhqw ehwzhhq dgrswlqj
whfkqrorj| 6 dqg dgrswlqj whfkqrorj| 7=
T
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|ue E c c 
8




|ue E c ec 
8
e Ee c e
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
Wkh vxejdph wkdw vwduwv dw wlph | : Aen |
u
e E  lv d suhhpswlrq jdph dqg lq htxloleulxp
wkh h{shfwhg ydoxh iru erwk upv lv T

8e Ee c ec |c e

/ l1h1 wkh iroorzhu ydoxh li wkh ohdghu
dgrswv whfkqrorj| 7 dw wlph Aen | dqg wkh iroorzhu dgrswv whfkqrorj| 7 dw wlph Aen
8
e Ee 
Wklv vxejdph hqgv dw wlph Ae n | zlwk suredelolw| rqh1
Dgrswlqj ehiruh wlph Ae n |
u
e E  lv qrw rswlpdo iru d up/ ehfdxvh wkh iroorzhu ydoxh lv
odujhu wkdq wkh ohdghu ydoxh dqg wkh ohdghu ydoxh lv lqfuhdvlqj1
Wkh vwru| deryh lpsolhv wkdw wkh jdph zloo hqg dw wlph Ae n |
u
e E zlwk suredelolw|
rqh1 Wkh ohdghu kdv wzr srvvleoh vwudwhjlhv= dgrsw whfkqrorj| 6 dqg dgrsw whfkqrorj| 71
Wkh iroorzhu*v rswlpdo uhso| dozd|v lv dgrswlqj whfkqrorj| 71 Wkxv wkhuh duh wzr w|shv
ri htxloleuld1 Lq wkh uvw w|sh wkh ohdghu dgrswv whfkqrorj| 6 dqg wkh iroorzhu whfkqrorj|
7 dqg lq wkh vhfrqg w|sh wkh ohdghu dqg wkh iroorzhu erwk dgrsw whfkqrorj| 71 Uljkw dw
Ae n |
u
e E  wkh ohdghu*v ydoxh lv htxdo lq erwk htxloleuld/ exw wkh iroorzhu*v ydoxh lv odujhu
lq wkh htxloleulxp zkhuh wkh ohdghu dgrswv whfkqrorj| 61 Lq rwkhu zrugv/ wkh htxloleulxp
lq zklfk wkh ohdghu dgrswv whfkqrorj| 6 Sduhwr grplqdwhv wkh rwkhu htxloleulxp dqg wkdw lv
zk| zh xvh wklv htxloleulxp lq ixuwkhu fdofxodwlrqv1 Zh dvvxph wkdw qdwxuh dvvljqv wr d up
wkh uroh ri ohdghu dqg wkdw erwk upv kdyh htxdo suredelolw| ri ehlqj dvvljqhg ohdghu1
63
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D14161  5 d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 E2  Lq Iljxuh 7
wkh wkuhh fxuyhv duh sorwwhg iru   ' D

























Iljxuh 71 Ohdghu/ iroorzhu dqg mrlqw prylqj fxuyhv iru wkh vxejdph wkdw vwduwv dw wlph Ae li  ' D








8e Ee c ec |
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wkhuh grhv qrw h{lvw dq htxloleulxp zlwk v|pphwulf vwudwhjlhv iru wklv jdph +fi1 Khqgulfnv
hw do1 +4<;;,,1 Wkhuh duh wzr htxloleuld iru wklv jdph1 Lq hdfk/ wkh ohdghu dgrswv whfkqrorj|
6 dw wlph Aen7
u
e E  dqg wkh iroorzhu dgrswv whfkqrorj| 7 dw wlph Aen
8
e E  Dv ehiruh zh
dvvxph wkdw qdwxuh dvvljqv d up wr eh ohdghu ru iroorzhu1 Erwk upv kdyh htxdo suredelolw|
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Wkh vxejdphv wkdw vwduw dw wlph | : Ae n |
u
e E  kdyh qrw fkdqjhg1
D14171  5 E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 c 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c Hb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Iljxuh 81 Ohdghu/ iroorzhu dqg mrlqw prylqj fxuyhv iru wkh vxejdph wkdw vwduwv dw wlph Ae li  ' HH
Wkhvh vxejdphv duh suhhpswlrq jdphv1 Wkhuh duh wzr htxloleuld zlwk v|pphwulf vwudwh0
65
jlhv1 Zlwk suredelolw| rqh0kdoi d up ehfrphv ohdghu dqg dgrswv whfkqrorj| 6 dw wlph
Ae n |

e E  c zkhuh |

e E lv ghqhg e|
|e E  G' 4?
q
|
T |c c 8e E c e ' T 8e E c ec |c r 
Wkh rwkhu up lv iroorzhu dqg dgrswv whfkqrorj| 7 dw wlph Aen
8
e E c dqg zlwk suredelolw|
rqh0kdoi wkh urohv duh uhyhuvhg1 Dffruglqj wr Dsshqgl{ E/ gxh wr uhqw htxdol}dwlrq/ wkhuh
lv }hur suredelolw| ri plvwdnh/ l1h1 erwk upv dgrswlqj whfkqrorj| 6 dw wlph Ae n |

e E  
Erwk up*v ydoxhv duh htxdo vr wkdw wkhuh lv uhqw0htxdol}dwlrq1 Wkh up*v ydoxh +glvfrxqwhg
wr wlph Ae, htxdov
T

|e E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c 
8
e E c e


Wkh erxqgdu|  W E lv ghqhg dv wkh vpdoohvw  iru zklfk wkhuh h{lvwv dq |

e E 
D14181  5 d
W
 Ee c4 ' dHb22c4
Wkh erxqgdu|  W Ee lv ghqhg dv wkh vpdoohvw   iru zklfk wkh suhhpswlrq wlph |

e E 
htxdov 31 Wkxv/ lq wklv uhjlrq wkh jdphv hqg dw wlph Ae zlwk suredelolw| rqh1 Wkh ohdghu*v
ydoxh dw wlph Ae h{fhhgv wkh iroorzhu*v ydoxh dw wlph Ae dqg wkdw lv zk| wkhuh lv d srvlwlyh
suredelolw| ri d plvwdnh +vhh Iljxuh 9,1
Ghqh +vhh Dsshqgl{ E,
k E| m  '
T





8e E c ec |c 

T E|c c 8e E c e T E|c c |c 

Wkh suredelolw| ri d up wr ehfrph ohdghu +dgrsw whfkqrorj| 6 dw wlph Ae, ru wr ehfrph
iroorzhu +dgrsw whfkqrorj| 7 dw wlph Ae n 
8
e E, htxdov
 k Ef m  
2 k Ef m  
c
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Iljxuh 91 Ohdghu/ iroorzhu dqg mrlqw prylqj fxuyhv iru wkh vxejdph wkdw vwduwv dw wlph Ae li  ' 2
dqg wkh suredelolw| ri d plvwdnh +erwk upv dgrswlqj whfkqrorj| 6 dw wlph Ae, htxdov
k Ef m  
2 k Ef m  

Xvlqj wkhvh suredelolwlhv/ lw lv qrw kdug wr ghulyh wkdw wkh h{shfwhg ydoxh ri wkh up htxdov
T





Wkh h{shfwhg sd|r ri wkh jdph htxdov
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D151 Jdph Vwduwlqj dw Wlph dAc Ae
Xvlqj wkh h{suhvvlrq iru le E  zh ghulyh wkh zdlwlqj fxuyh iru wkh vxejdphv vwduwlqj dw



















Wkh htxloleuld lq wklv vxejdph ghshqg rq 2 Wkhuh duh irxu lpsruwdqw lqwhuydov/ wkxv
wkhuh duh wkuhh fulwlfdo ydoxhv iru 2= 
W
2 E c  5 ic 2c j  Iru wkh prphqw zh ghulyh wkh
htxloleuld lq wkh fdvh wkdw whfkqrorj| 7 kdv qrw duulyhg |hw1
D15141 2 5 dfc 
W
2 E ' dfc 2eHe
Lq Iljxuh : wkh ohdghu/ iroorzhu/ mrlqw prylqj dqg zdlwlqj fxuyhv duh sorwwhg iru  2 ' 


























Iljxuh :1 Ohdghu/ iroorzhu/ mrlqw prylqj dqg zdlwlqj fxuyh iru wkh vxejdph wkdw vwduwv dw wlph A li 2 ' 
Lw wxuqv rxw wkdw zdlwlqj lv qrw dq rswlrq/ ehfdxvh wkh ohdghu fxuyh h{fhhgv wkh zdlwlqj
68
fxuyh iru vrph srlqwv lq wlph1 Wkhvh jdphv duh suhhpswlrq jdphv dqg wkhuh duh wzr htxloleuld
zlwk v|pphwulf vwudwhjlhv1 Zlwk suredelolw| rqh0kdoi d up ehfrphv ohdghu dqg dgrswv




e ' f.2.ebD1 Wkh rwkhu up lv iroorzhu dqg lv
h{shfwhg wr dgrsw whfkqrorj| 7 dw wlph Ae n
8
e E c dqg zlwk suredelolw| rqh0kdoi wkh urohv
duh uhyhuvhg1 Wkhuh lv }hur suredelolw| ri plvwdnh/ l1h1 erwk upv dgrswlqj whfkqrorj| 6 dw
wlph An|

e Erwk up*v ydoxhv duh htxdo vr wkdw wkhuh lv uhqw0htxdol}dwlrq1 Wkh up*v ydoxh
+glvfrxqwhg wr wlph A, htxdov 651996<1
Li  2 ' 
W
2 E ' 2eHe lw krogv wkdw |
u
2 E 2 ' |

e
D15151 2 5 d
W
2 E c 
W
2 E2 ' d2eHec 2beDHS
Lq wklv uhjlrq wkhuh duh wzr w|shv ri htxloleuld/ exw qrqh ri wkhp lv vxssruwhg e| v|pphwulf
vwudwhjlhv1 Lq Iljxuh ; wkh irxu fxuyhv duh sorwwhg iru  2 ' 2


























Iljxuh ;1 Ohdghu/ iroorzhu/ mrlqw prylqj dqg zdlwlqj fxuyh iru wkh vxejdph wkdw vwduwv dw wlph A li 2 ' 2




2 E2 dqg wkh iroorzhu lv h{shfwhg wr zdlw iru whfkqrorj| 7 dqg dgrsw lw dw wlph
Ae n 
8
e E2 c zkhuh 
8
e E2 ' 2b.bbH Qdwxuh dvvljqv wkh urohv wr wkh upv1 Wkh h{shfwhg
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Wkh vhfrqg erxqgdu|/ W2 E2 ' 2beDHSc lv ghulyhg e| vroylqj wkh iroorzlqj htxdwlrq
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D15161 2 5 d
W
2 E2 c 
W
2 E ' d2beDHSc bD.DH
Djdlq qr htxloleulxp zlwk v|pphwulf vwudwhjlhv lq wklv uhjlrq h{lvwv +vhh Iljxuh < iru d
sorw ri wkh fxuyhv lq wklv uhjlrq,1


























Iljxuh <1 Ohdghu/ iroorzhu/ mrlqw prylqj dqg zdlwlqj fxuyh iru wkh vxejdph wkdw vwduwv dw wlph A li 2 ' D
6:
Lq htxloleulxp wkh ohdghu dgrswv whfkqrorj| 5 dw wlph A n 7
u
2e E2 dqg wkh iroorzhu lv
h{shfwhg wr dgrsw whfkqrorj| 7 dw wlph Ae n 
8
e E2  Dv ehiruh wkh urohv duh dvvljqhg e|
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Wkh fulwlfdo ydoxh  W2 E +' bD.DH, lv ghqhg e|
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2 5 d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2 E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bD.DHc4
Lq Iljxuh 43 wkh ohdghu/ iroorzhu/ mrlqw prylqj dqg zdlwlqj fxuyhv duh sorwwhg iru  2 ' e


























Iljxuh 431 Ohdghu/ iroorzhu/ mrlqw prylqj dqg zdlwlqj fxuyh iru wkh vxejdph wkdw vwduwv dw wlph A li 2 ' e
Wkh ohdghu dgrswv whfkqrorj| 5 dw wlph A dqg wkh iroorzhu lv h{shfwhg wr dgrsw whfkqrorj|
7 dw wlph Aen
8
















Wkh h{shfwhg sd|r ri wkh jdph htxdov
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D161 Jdphv Vwduwlqj dw Wlph | 5 dA2c A
Xvlqj wkh h{suhvvlrq iru l E 2 zh ghulyh wkh zdlwlqj fxuyh iru wkh vxejdphv vwduwlqj dw



















Lw wxuqv rxw wkdw wkh htxloleuld lq wklv vxejdphv gr qrw ghshqg rq   Wklv fdq eh h{sodlqhg
e| wkh idfw wkdw |u2 E 	 |

2e iru doo 
D16141  5 dfc4
Lq Iljxuh 44 wkh irxu fxuyhv duh sorwwhg iru   ' 2



























Iljxuh 441 Ohdghu/ iroorzhu/ mrlqw prylqj dqg zdlwlqj fxuyh iru wkh vxejdph wkdw vwduwv dw wlph A2 li  ' 2
Wkhuh duh wzr htxloleuld/ zkhuh hdfk rffxuv zlwk d suredelolw| rqh0kdoi1 Wkh ohdghu dgrswv
73




2e ' H.fSc dqg wkh iroorzhu lv h{shfwhg wr dgrsw
whfkqrorj| 7 dw wlph Ae n 
8
e E2  Wkh up*v h{shfwhg ydoxh htxdov 6;137471
D16151 Vxppdu|


























 5 dfc4 
E1 Suhhpswlrq Jdphv
Lq wklv dsshqgl{ zh jlyh rq ryhuylhz ri wkh pdwkhpdwlfv wkdw duh qhhghg wr ghulyh wkh
htxloleuld ri wkh suhhpswlrq jdphv wkdw dsshdu lq Vxevhfwlrqv 61506171 Vlqfh zh vwxg|
v|pphwulf upv zh uhvwulfw rxuvhoyhv wr v|pphwulf vwudwhjlhv1
Frqvlghu d suhhpswlrq jdph zlwk wlph krul}rq dfc443 dqg wkh iroorzlqj fkdudfwhulvwlfv=
u Ef8 Ef :  Ef c +67,





8 E| ' *4
|<"
 E|  +69,
Ohw xv frqvlghu d vxejdph wkdw vwduwv dw wlph | : f Wkh sd|r vfkhph +67,0+69, ohdgv
wr wkh iroorzlqj wzr revhuydwlrqv= +4, erwk upv zdqw wr ehfrph wkh ohdghu dw wlph |c
43Qrwh wkdw wkh suhhpswlrq jdphv ri Vxevhfwlrqv 6150617 fdq eh wwhg lqwr wklv wlph krul}rq zlwk d wlph
wudqvirupdwlrq1
74
vlqfh u E| : 8 E| dqg +5, erwk upv gr qrw olnh vlpxowdqhrxv dgrswlrq dw wlph |c vlqfh
 E| 	 8 E|1 Wkxv lw lv dwwudfwlyh wr eh wkh uvw lqyhvwru/ exw zkhq erwk upv dsso|
wkh vwudwhj| lqyhvw dw wlph | zlwk suredelolw| rqh/ wkh| erwk hqg xs zlwk wkh orz mrlqw
dgrswlrq sd|r  E|1
Ixghqehuj dqg Wluroh +4<;8, dujxhg wkdw d vwudwhj| lq wklv nlqg ri jdphv fdq qrw eh
uhsuhvhqwhg e| d vlqjoh glvwulexwlrq ixqfwlrq1 Lw lv qhfhvvdu| wr eh deoh wr glvwlqjxlvk ehwzhhq
w|shv ri dwrpv1 Wkhuhiruh wkh vwudwhj| ri d sod|hu frqvlvwv ri wzr ixqfwlrqv EC E| c k E| 
C E| lv wkh suredelolw| wkdw rqh up kdv dgrswhg e| vrph wlph | jlyhq wkdw wkh rwkhu kdv
qrw dgrswhg1 Wkh ixqfwlrq k E| phdvxuhv wkh lqwhqvlw| ri dwrpv lq wkh lqwhuydo d|c |n _|o 
E| ghqlwlrq +vhh Ixghqehuj dqg Wluroh +4<;8,, d srvlwlyh k E| lpsolhv wkdw d sod|hu lv vxuh
wr dgrsw e| wlph |/ l1h1 C E| ' 1
Qh{w zh jlyh dq lqwhusuhwdwlrq ri wkh k E| ixqfwlrq1 Dvvxph wkdw wkh sod|huv erwk xvh
wkh vdph vwudwhj| dqg ohw  eh wkh vpdoohvw srlqw lq wlph dw zklfk k E| lv srvlwlyh=  '
?u i|mk E| : fj  Zh nqrz iru vxuh wkdw wkh jdph zloo eh vwrsshg e| wlph  Wklv fdq eh
vhhq dv d jdph wkdw lv uhshdwhg +li qhfhvvdu| lqqlwho| riwhq, lq wkh wlph lqwhuydo dc  n 0
zlwk 0 vpdoo/ xqwlo rqh ri wkh sod|huv kdv vwrsshg iru vxuh1 Lq hdfk vwdjh jdph d sod|hu vwrsv
zlwk suredelolw| k E1
Wkxv wkh suredelolw| wkdw d sod|hu vwrsv wkh jdph dw wlph c h Erqh c htxdov






dqg wkh suredelolw| wkdw erwk sod|huv vwrs wkh jdph dw c h Ewzr c htxdov





Wkxv hdfk sod|hu vwrsv wkh jdph lwvhoi zlwk suredelolw| 3kE|
23kE|
dqg zlwk suredelolw| kE|
23kE|
erwk sod|huv vwrs wkh jdph1





h Ewzr' f +73,
Edfn wr wkh vxejdph wkdw vwduwv dw wlph | : f Jlyhq wkdw wkh rwkhu up kdv qrw lqyhvwhg/
lw lv rswlpdo iru d up wr lqyhvw dw wlph |/ wkxv
C Er ' c r  | +74,
Wklv lpsolhv wkdw zh nqrz iru vxuh wkdw wkh jdph hqgv dw wlph | Ohw k E| eh wkh k E|
ixqfwlrq ri up  Wkhq/ zkloh vxssuhvvlqj wkh wlph dujxphqwv/ wkh ydoxh/ T/ ri up 
xqghu wkhvh vwudwhjlhv htxdov
T ' k E k2un E kk28 n kk2 n E k E k2T +75,
Wklv htxdwlrq uh hfwv wkdw zlwk suredelolw| k E k2 up 4 lqyhvwv uvw vr wkdw lw rewdlqv
sd|r uc zlwk suredelolw| E kk2 up 5 lqyhvwv dv uvw vr wkdw up 4 jhwv wkh iroorzhu
sd|r/ zlwk suredelolw| kk2 wkh upv lqyhvw dw wkh vdph wlph ohdglqj wr d sd|r htxdo wr
76
c zkloh zlwk suredelolw| E k E k2 qrwklqj kdv kdsshqhg dqg wkh jdph lv uhshdwhg1
Uhzulwlqj +75, jlyhv
T '
k E k2un E kk28 n kk2
 E k E k2
 +76,
Wr qg wkh rswlpdo ydoxh iru k zh glhuhqwldwh +76, zlwk uhvshfw wr k dqg sxw wklv h{suhv0




k2 EE k2u 8 n k2
E E k E k2
2 ' f +77,






	 fc vr wkdw vdwlvi|lqj +77, lqghhg ohdgv wr d pd{lpxp ydoxh ri
wkh up1 Vlqfh zh rqo| frqvlghu v|pphwulf vwudwhjlhv zh lpsrvh wkdw
k E| ' k2 E| ' k E|  +78,
Frpelqlqj +77, dqg +78, ohdgv wr wkh iroorzlqj rswlpdo ydoxh iru k E|=44
k E| '
u E| 8 E|
u E| E|
 +79,
Iurp htxdwlrqv +67,0+69, dqg +79, zh ghulyh wkdw k E| 5 dfc o  Vxevwlwxwlqj +79, dqg +78,
lq +76, jlyhv T E| ' 8 E|  Wkxv wkh h{shfwhg ydoxh iru hdfk up lv wkh iroorzhu ydoxh1 Iru
d irupdo surri wkdw +74, wrjhwkhu zlwk +79, lv d shuihfw htxloleulxp zh uhihu wr Ixghqehuj
dqg Wluroh +4<;8,1
Htxdwlrq +79, dovr lpsolhv wkdw lq fdvh ri uhqw htxdol}dwlrq Eu E| ' 8 E| c k E| ' f Wkhq
+6<, dqg +73, dsso|/ vr wkdw lw lpphgldwho| iroorzv wkdw wkh suredelolw| ri d plvwdnh +l1h1
erwk upv lqyhvwlqj dw wkh vdph srlqw ri wlph, htxdov }hur1
44D vlplodu ydoxh zdv irxqg lq Ixghqehuj dqg Wluroh +4<;8, dqg Vlprq +4<;:,1
77
Uhihuhqfhv
Edofhu/ \1 dqg V1 D1 Olsspdq +4<;7,1 Whfkqrorjlfdo h{shfwdwlrqv dqg dgrswlrq ri
lpsuryhg whfkqrorj|1 Mrxuqdo ri Hfrqrplf Wkhru|/ 67/ 5<564;1
Gl{lw/ D1 N1 dqg U1 V1 Slqg|fn +4<<7,1 Lqyhvwphqw Xqghu Xqfhuwdlqw|1 Sulqfhwrq
Xqlyhuvlw| Suhvv/ Sulqfhwrq/ Qhz Mhuvh|1
Idu}lq/ \1 K1/ N1 M1 P1 Kxlvpdq dqg S1 P1 Nruw +4<<;,1 Rswlpdo wlplqj ri whfkqrorj|
dgrswlrq1 Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro / 55/ ::<:<<1
Ixghqehuj/ G1 dqg M1 Wluroh +4<;8,1 Suhhpswlrq dqg uhqw htxdol}dwlrq lq wkh dgrswlrq
ri qhz whfkqrorj|1 Uhylhz ri Hfrqrplf Vwxglhv / 85/ 6;67341
Jdlprq/ F1 +4<;<,1 G|qdplf jdph uhvxowv ri wkh dftxlvlwlrq ri qhz whfkqrorj|1 Rshudwlrqv
Uhvhdufk/ 6:/ 7437581
Khqgulfnv/ N1/ D1 Zhlvv dqg F1 Zlovrq +4<;;,1 Wkh zdu ri dwwulwlrq lq frqwlqxrxv
wlph zlwk frpsohwh lqirupdwlrq1 Lqwhuqdwlrqdo Hfrqrplf Uhylhz / 5</ 9969;31
Nulheho/ F1 K1 +4<;<,1 Xqghuvwdqglqj wkh vwudwhjlf lqyhvwphqw lq lqirupdwlrq whfkqrorj|1
Lq Lqirupdwlrq Whfkqrorj| dqg Pdqdjhphqw Vwudwhj| / hglwhg e| N1 F1 Odxgrq dqg M1 D1
Wxuqhu1 Suhqwlfh0Kdoo/ Hqjohzrrg Folv/ Qhz Mhuvh|1
Qdlu/ V1 N1 +4<<8,1 Prgholqj vwudwhjlf lqyhvwphqw ghflvlrqv xqghu vhtxhqwldo whfkqrorjlfdo
fkdqjh1 Pdqdjhphqw Vflhqfh/ 74/ 5;55<:1
Udmdjrsdodq/ V1/ P1 U1 Vlqjk dqg W1 H1 Pruwrq +4<<;,1 Fdsdflw| h{sdqvlrq dqg
uhsodfhphqw lq jurzlqj pdunhwv zlwk xqfhuwdlq whfkqrorjlfdo euhdnwkurxjkv1 Pdqdjhphqw
Vflhqfh/ 77/ 45631
78
Uhlqjdqxp/ M1 I1 +4<;4,1 Rq wkh glxvlrq ri qhz whfkqrorj|= D jdph wkhruhwlf dssurdfk1
Uhylhz ri Hfrqrplf Vwxglhv/ 7;/ 6<87381
Vlprq/ O1 N1 +4<;:,1 D pxowlvwdjh gxho lq frqwlqxrxv wlph1 Zrunlqj Sdshu ;:8:/ Ghsduw0
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